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Abstract

This article explores the exact wave solutions of the coupled one-
dimensional stochastic non-linear Schrodinger equation with Kerr-
law nonlinearity, incorporating multiplicative white noise in the Ité
interpretation. The generalized projective Riccati equations
(GPRES) scheme is employed to obtain the obtained solutions. The
study presents a range of soliton solutions, including dark, bright,
singular solitons, in addition to solutions for rational and periodic
functions. Finally, the MATLAB software was used to explain the
numerical simulation of some soliton solutions.

Keywords: Generalized projective Riccati equations scheme; Non-
linear stochastic Schrddinger equation; Exact solutions; Soliton
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1. Introduction
Non-linear systems of partial differential equations (PDESs) are
useful for explaining a variety of phenomena in a variety of physical
scientific domains, including economy, biology, fluid mechanics,
non-linear optical fibers, and plasma physics. Lately, many
researchers have focused on finding explicit soliton solutions for
non-linear PDEs using different approaches. Recently, a novel idea

known as stochasticity has emerged. One of the characteristics of
the stochasticity component is the existence of several papers that
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examine this idea [1-12]. Optics, quantum mechanics, deep water,
biophysics, plasma physics, electro-magnetic wave propagation,
and many other non-linear fields use the non-linear Schrédinger
equation (N-LSE), which offers solitary type solutions, as the
primary representative method for characterizing wave behaviors.
Various successful approaches, including the (G'/G) -expansion
method [13-16], the tanh-function expansion method [17, 18], the
new mapping method [19, 20], the enhanced Kudryashov method
[21, 22], the generalized projective Riccati equations scheme [23-
25], the (G'/G,1/G) -expansion method [26, 27] and Lie symmetry
method [28, 29] have been utilized to generate soliton solutions and
other  exact ~wave  solutions  for  the NLPDEs.
In polarization preserving fibers, the coupled one-dimensional N-
LSE with spatio-temporal dispersion (STD) and zero noise has been
discussed in [30, 31]. In polarization preserving fibers, the coupled
one-dimensional N-LSE with Kerr-law nonlinearity by
multiplicative noise in Itd sense has been discussed in [7] using the
new extended auxiliary equation method.
The aim of this article is to study the coupled one-dimensional
stochastic N-LSE with Kerr-law nonlinearity in birefringent fibers
with multiplicative white noise instead, which would yield soliton
solutions with the effect of Wiener process included. The approach
utilized to obtain solitons and other exact solutions is the
generalized projective Riccati equations (GPREsS) scheme.
This article is structured as follows: In section 2, the governing
model is introduced. In section 3, wave transformation and the
mathematical analysis of equations (2) and (3) is presented. In
section 4, the description of the generalized projective Riccati
equations scheme is given. In section 5, we will solve the coupled
one-dimensional N-LSE in birefringent fibers (2) and (3) using the
generalized projective Riccati equations scheme. Finally, some
conclusions are illustrated in section 6.

2. The Governing Stochastic Non-linear Schrodinger Equation

According to the It6 interpretation, the single form of stochastic one-
dimensional N-LSE in polarization-preserving fibers with
multiplicative white noise and Kerr-law nonlinearity is expressed as

[7]:
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. dw (t)
iHe(x,t) + aH, (x,t) + BI1H (x, t)|?H(x, t) + o ————H(x,t) (1)

dt
=0, i=v-1,

In this context, H(x,t) denote a complex-valued function
associated with the wave profile. The variables ¢, x, a, f and ¢
correspond to the temporal variable, spatial variable, coefficients of
the group velocity dispersion (GVD) term, coefficients of the non-
linear dispersion term, and noise strength, respectively. It is worth
noting that «, § and o are real values. While, W (t) denotes the
one-dimensional standard Wiener process, which is defined by the
integral known as the It6 integral:

t

w'(t) = dVZ—ft),W(t) = j H(t)dW(r), T <t,

0
where 7 is the stochastic variable .
Within the birefringent fibers, equation (1) undergoes splitting into
two different components for the first appearance:

aw (t
b + it + Bl 4y lout 0 S Du =0, (2
and
. dw (t)
vy + Ay + (B> +y2lulPv + o V=0 )

In wave dynamics, the profiles of two different waves are described
by the variables u(x,t) and v(x,t) denote complex-valued
functions.

Here, x andt represents the spatial and temporal variables
respectively. The constants a; (j = 1,2) are the coefficients of
GVD. B; (i = 1,2) are the coefficients of self-phase modulation
(SPM) and y; (j = 1,2) represent the cross-phase modulation
(XPM) terms respectively. Finally, o represents white noise
coefficient.

3. Wave transformation and the mathematical analysis

For converting equations (2) and (3) to ordinary differential
equations (ODEs), we presume that the wave solutions have the
forms:
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u(x,t) = @;(m) expli(—ax + bt + co + cW(t))], 4)
v(x,t) = @,(m) expli(—ax + bt + ¢y + cW(1))], (5)
n=x— wt (6)

where a, b and c, are nonzero real-valued constants. From the
phase component, a gives the frequency of the solitons, while b
is the wave number and w is the velocity soliton. The functions
@;j(n) for j=1,2 is real functions which represent the amplitude
portions of the solitons and the phase components of the solitons,
respectively. Inserting (4) and (5) into equations (2) and (3) gives
the real parts:

a0y — (a%a; + b)p; + V10105 + Br93 =0,

and ()
a3 — (a®ay + bY@y + V20201 + P23 =0, (8)
while the imaginary parts are:
(2aa; + w)p; =0, 9)
and
(2aa, + w)p; = 0. (10)

By applying the principle of linearly independence on (9) and (10)
to get the wave number w:

w = —2aq;, j =1,2. (11)

For simplicity's sake, let's now put 12)
¢9.(m) = 0, (n),
where @ is a non-zero constant, such that @ # 1. Equations (7)
and (8) can be reduced as:

oy Py — (aza1 +b)e, + (X2Y1 + Bl)‘P% =0, (13)
and
a @y — (@%ay + b)@; + (v2 + X*B) @i = 0. (14)

Equations (13) and (14) are equivalent under the constraint
conditions:
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o = oy, (15)
a’a; +b =a’a, + b,
(16)
X°v1 + Bi=v2+ XZBZ-
In the next sections, we will construct the solitons and other exact

wave solutions of equations (2) and (3) by using the generalized
projective Riccati equations scheme.

4. Outline of the generalized projective Riccati equations
(GPRES) scheme
Consider of the NLPDE in the form:

X(u, uy, U, Ugy, U, ... ) = 0, a7

Where u = u(x,t) is an unknown function, X is a polynomial in
u(x,t) and its partial derivatives in which the highest order
derivatives and non-linear terms are involved. Here, we outline the
fundamental steps of the GPREs scheme [24, 25]:

Step 1. By applying the following transformation:

u(x,t) =u(m), n=x-—wt, (18)

To reduce equation (17) to the following non-linear ODE:
J(u,u’,u”,...) =0, (19)
Where w is velocity of the propagation, 3 is a polynomial of u(n)
and its total derivatives u'(n), u"(n),.. and = % :

Step 2. We presume that the solution of equation (19) has the form

N
u) = Ag+ ) oIIAG() + BTl (20)

Where A,, A; and B; are constants to be determined with the
condition that A% + BZ # 0 . The functions, o(n) and T(n)
satisfy the ODEs:

o'(m) = es(m)t(n), (21)
T(M) =Y +et’(n) —po(m), &= 41, (22)
Where
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2

“&@) (23)

M) = —¢ <Y — 2p0(n) + - T

Here, r = +1 andY, p are constants different from zero.
If Y =pu=0, equation (19) has the formal solution:

N
utn) = D AT, (24)
i=1

Where t(n) satisfies the non-linear ODE:
(M) = (). (25)

Step 3. The positive integer number N in (20) must be determine
by using the homogeneous balance between the highest-order
derivatives and the highest-non-linear terms in equation (19).

Step 4. Substitute (20) along with equations (21)-(23) into equation
(19). Collecting all terms of the same order of o'(m)Ti(n) (= 0,1,
...;1=0,1). Setting each coefficient to zero, yields a set of algebraic
equations which can be solved to find the values of A,, A;, B;,
w, pand Y.

Step 5. It is well known that equations (21) and (22) admits the
following solutions [24, 25]:

Casel. If e=-1,r=-1, Y>O0,

Y sech(+/Yn) VY tanh(+/Yn)
o;(n) = 1) = , (26)
usech(vYn) + 1 wsech(vYn) +1
Case2.If e=-1,r=1, Y>O,
Y csch(v/Yn) VY coth(v/Yn)
o,(n) = ,T2(n) = . @)
wesch(+vYn) +1 wesch(vVYn) +1
Case3. If e=1,r=-1, Y>0,
Y sec(VYn) VY tan(vYn)
O3 (n) = )T3(n) = ) (28)
usec(VYn) +1 usec(vVYn) +1
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) Y csc(VYn) ) VY cot(VYn) 2)

o = T _ |

Y Hese A 1T ese (Vi + 1

Cased.If Y=p=0,
_C 1 o
os(n) = n,rs(n) = o

Where C is constant different from zero.

Step 6. Substituting the values of A,, A;, B;, w, p and Y as
well as the solutions (26)-(30) into (20) we reach the exact solutions
of equation (17).

5. Solitons and various exact wave solutions to equations (1) and
(2) using the generalized projective Riccati equations (GPRES)
scheme

In this section, we apply the so called generalized projective Riccati
equations scheme described in Sec. 4 to find many new soliton,
periodic and rational solutions of equations (1) and (2).

Balancing ¢} with ¢3 in equation (13), then the following one
attains:

N+2=3N=N=1. (31)

From (20), the formal solution of equation (13) has the following
form:

(M) = Ay +Ao(m) + Byt(n), (32)

Where A,, A; and B; are real constants to be determined with
the condition that A; #= 0 or B; # 0, while the functions, o(n)
and t(n) satisfy the ODEs (21) and (22).

By inserting (32) into equation (13) and then aggregating all the
coefficients of o/(m)Ti(m) (j = 0,1,2,3 and i = 0,1,2,3). Setting
the coefficients of equal to zero, yields the following system of
algebraic equations:
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3eA;BiBn®  3eA;BiB;r
Y

Alx?y; + A3B, —

X

Y
283A00p%  2e3Ajoyr 3ex?A By, p?

Y Y Y
3ex*ABiyr 0
-Y- - Y

3A0A%x%y, + 4€3A 041 — ayAjep + 3A0A%B,
3eAoB2B,u?  3eABipB;r
Y Y
+ 6ex*A; By, + 6eA; BB
35X2A0BfY1 llz 3EX2AOB%Y1F
- Y - Y =0

en?B3 B, _ erB; B, _ 2e*u?Byoy

2e’rByoy erx“Biy:

—— — +3CABy, -
eW’x°Biyr 0
Y- - Y

o :—2Ye3A 04 + 3x%A%A vy, + YeA oy — aA

+ 3A20A181 - bA1 + 6X2 HEAOB%Yl

— 3Yx?eAB?y, + 6psA,B?B; — 3YeA;B2B,

=0,

ot : 2x’pneB3y; + 6x?AgA By + 4pe3Bioy + 2peB3pB,
- 3|1£Bl()(1 + 6AOA18181 = 0,
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T :=Yx%eBdy, — 2Ye3B oy — YeB3B; + 3x2A3B,y,

+ 2Y8B1a1 - aZBlal + SA%)B:lBl - bB1 == O,
GO: _3EAOB% BlY + A?)Bl - Aob + A:?)Xzyl - A0a20(1

— 3ex2A B2y, Y = 0. (33)

According to Step 5, of Section 4, there are three cases of solutions
of the algebraic equations (33) to be discussed as follows:

Case 1. Putting ¢ = —1, r = —1 in the above algebraic equations
(33) and solving them by Maple, we have the following results:

Result 1.
aa; +b
=T pH=20, Ay =0,
(34)
A, = 20 B, =0
! (2y: + B @%, +b)” T ’

where a; (a?a; +b) >0 and (a%a; + b)(x%y, + B1) > 0.
Superseding Eq. (34) into Eq. (32), we reach the bright-soliton

(see Figure 1.):
32(11 + b
0q n

b a’o; +b
c o n

u(x, t)

_ 2@ +b)
(v, +B,)

v(x,t)

_o 2(a%04 +b) s
(v, +B,)

eil-ax+btecorow®]  (35)

} ei[—ax+bt+c0 +cW(t) (36)
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Re(v(x.t))
° o o
9 b S

)

Re(v(x,t))

Re(v(x,t))

Re(v(x,t))
(@)

Re(v(x,t))
©

o=3

02

04

06

Im(v(x,t))

Im(v(x,t))

Im(v(x,t))

Im(v(x,t))
(b)

Im(v(x,t))
(@

o=3

Re(v(x,t)) Im(v(x,t))
(e )
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|
b

=3

038 06
5 4 3 2 4 [ 1 2 3 4 5 5 4 3 2 1 0 1 2 3 4 5

Re(v(x,1)) Imw(x,1)
@ Q)

Fig.1. Representation of the bright-soliton solutions (36) in 2D and
3D graphs. These figures are obtained by a = x = 0.5,b = 0,
a=y=1,B=4.c,=0,0=2 and W(t) = vt . Additionally,
various values of the noise effect strength coefficient ¢ are appear in
graphs (a) — (h).

Result 2.
y= D 0 A =0, A =0
- Z(X,l ) l’l — Y, o — Y 1 — Y
37
[ (37)
! 2y, + B,
where a; (aa; + b) < 0 and a;(¥?y; + f1) < 0.
In this result, we deduce the dark-soliton (see Figure 2.) :
a’oy +b a’oy +b ,
u(x, t) — tanh _ el[—ax+bt+c0+cW(t)]' 38
Xz’Yl + Bl 20‘1 " ( )
v(x,t)
_ azal +b tanh _ azal + b‘r] eil[—ax+bt+co+oW(b)] (39)
xX*v1 + B1 204

provided (a%a; + b)(x%y, + 1) > 0.
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Im(v(x)

Re(v(x,t)) Im(v(x,t))
(a) (b)

o=2

Im(v{x.t))

Refv(xt))

Re(v(x,;:)) Im(v(x,t))
©) (@)

Im{vix.t)

Re(v(x,t))
(e
2
is 7]
/ /

/l \ /‘J X\ \ _° e/ \ 131
=/ \ [ ]\ g./) / | /
é \ \ Y} / g ) \ / w
€ \ 0 / \‘. 05 \ ’/ \\/ \ \/ }

\ _’/‘/_ \\ /’i \ ; : / /,“)‘ '
s \ i/ \ 15
7 o s %is 0 s o s 0 s
Re(v(x,1)) Im(v(x,1))
@ )

Fig. 2. Representation of the dark-soliton solutions (39) in 2D and 3D
graphs . These figures are obtained by a = 0.5,b = =25, a =y =
x=1,8=—4,c,=0,0 =2 and W(t) =/t . Additionally, various
values of the noise effect strength coefficient o are appear in graphs

(@) — ).
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Result 3.

2(a%a; + b
Y=—¥ h= 1 Ay =0,

A \/ a?(u?-1)
1= 4()(2)/1+51)(a2a1+b) z<x2n+/zl)

where a;(a’a; +b) <0, (u? — D)%y, + B)(@%a; +b) >0

and al()(zyl + ﬁl) < 0.
This result arrives the combo dark- bright soliton (see Figure 3. ):

[ 2(a2a1+b)
o {' J(uz ~ D@ +b)|/ sech (J ”) \
ulx,t) =< —
X*v1 + By \usech< 2(a2a1+b)n> ‘1 /
t h (41)

, \

- " / tanh< 2(a2a1+b) )
amoy + | % 1 ax+bt+c0+ch(t)]
X*Y1 + By \ll < [ 22 a1+b)n> 4 1/}

(40)

sech( |- 2(a%ay+b) n)
2 1)(a2oy + b ( «
v(x,t) = @J—J(” )@ +b) -

2 + 2
X*v1 + By usech(\/mT])'Fl
aq

2 b)

2
+\[aa1T %1 eil-ax+bttco+aW(D)]
2 + 2 '
X*v1 + B1 usech(Wﬂ)‘l‘l J
1

provided (p? — 1)(a%a; +b)(x%y, + B1) > 0.

(42)
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Re{vixt))
L o a

Re{vixt))
X o a

)

25
e \ \\ [\ =
1 \/ i [
=05 A / \ [
E ol /X A \
3 T\ \ f
® 05 [ & N [
@ \ % ‘\ “i
N
1 \J
2
25
5 s o s
x
Re(v(x,1))
@

Imivix.))
Ladn

Imivixt)
= ©

Im(v(x,t))
(@)

o=3

Im(v{xt)

- Im(vEx,t))
)

25

Im{vix,1))
L8 ° -
2 X @ o @ = @
= 7
<
e \
S~ 7
.
\T/\\

Imw(x,1))
Q)

Fig. 3. Representation of dark- bright soliton solutions (42) in 2D and
3D graphs. These figures are obtained by a = 0.5,b = —2.25,u = 3,
a=y=x=1,8=—4,¢,=0,0 =2 and W(t) =+/t . Additionally,
various values of the noise effect strength coefficient ¢ are appear in

graphs (a) — (h).
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Case 2. Putting € = —1, r =1 in the algebraic equations (33)
and solving them by Maple, we get the following results:

Result 1.

aa; +b
Y=——,u=0 A,=0,
0

(43)

202
Al = - > > ) Bl = 0,
(v, +B,)(a%a; + b)

where a;(a’a; +b) >0 and (x%y, + B)(a?a; + b) < 0.
From (43), we construct the singular soliton:

u(x,t)
_ | 2(32(11 + b) csch 32(11 +b n ei[—ax+bt+co+<5W(t)] (44)
(v, +B,) !
v(x,t)
—ol |- 2(a%a; +b) esch a’oy + bT] eil-ax+btco+oW (O] (45)
(v, +8B,) oy
Result 2.
atb 0 A =0 A =0
- 2a1'“_'0_’1_'
46
i 20, (46)
' v+ By

where a;(a’a; +b) <0 and a;(x%y, + B1) <O.
In this result, we deduce the singular soliton:
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ei[—ax+bt+co +oW(t)] (47)

v(x, t)

a’o; +b a’o; +b
=0 T a coth — n
x°v, + By 204

provided (a?a; + b)(x*y; + B1) > 0.
Result 3.
2(320.1 + b)

04

A _ a%(H2+1) B _ _ 0q
L7 402y, +8,)(@2ay+b)” 1 202y, +B,)

where a;(a’a; +b) <0 , (aa; + b)(x%y, + B1) > 0 and

alg/\_’zyl + ﬁl) < 0. ) )
This result arrives the combo-singular soliton:

} ei[—ax+bt+c0 +cW(t)] (48)

Y = , u=p, Ay =0,

(49)

( 2(a%aq+b)
" t)_%J(HZH)(aZ““b)/ C“h( _T“> \
= (v, +B,) k < _ 2@la1+b) ) )
k heseh \/TTI i (50)

2 )
3 b / coth( _Hatarh) T]) \
N ’a o + 1 eil-ax+bt+co+oW ()]
2 + 2 '
XY, + By \pwsch( /—Mﬂ)*‘l))
1
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( 2(a2u1+b)
| [+ D@ +b) / coch (J ) \
{ (x Y, T B1 pcsch( 2(a2a1+b) ) /

COth 2(a a1+b) )

Z(azal +b) )

v(x,t) =0

(51)

a’o; +b
¥y, + B,

pcsch

\\
|
| } ei[—ax+bt+c0 +cW(t)]
+1 / J

provided (a?a; + b)(x?y; + 1) > 0.

Case 3. Putting € =1, r = —1 in the algebraic equations (33)
and solving them by Maple, we have the following results:
Result 1.

a2a1+b
Y:—a—l,MZO,AOZO,
52
A 2a1 —0 (52)
"7 G2y, ¥ ) @20y +b)’ =0

where a;(a?a; +b) <0 and (a?a; + b)(x*y, + 1) > 0.
From (52), we obtain the periodic:

2(a%?0.+ b) a%a; +b .
u(x,t) = — |———sec — n el[—ax+bt+co+GW(t)], 53
,/ xv, + By ( oy (53)
2(a’a+ b) a’oy +b .
v(x,t) =0 — [——sec| |- n |} eil-ax+btrcorow(®] 54
{ ’ v, + B, ( o (54)

and
2 2
u(x, t) = — MCSC _Mn ei[—aX+bt+Co+0W(t)]’ (55)
Xzyl + Bl 04
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v(x,t)
— @ — Z(aza—-l_b)csc — aza]'—-l_bn ei[_ax+bt+C0+GW(t)]_ (56)
XZ’Y]_ + B]_ Oy
Result 2.
_Fatb 0 A =0 A =0
- 20,1 ) lvl — Y, o— Y 1 — Y
57
[ (57)
! 2y, + B,

where a;(a’a; +b) >0 and a;(x%y; + B1) <O.
In this result, we deduce the periodic solutions:

u(x, t)

2 2 (58)
S e B PR RG]
x*v, + By 204
v(x,t) =0 —Mtan a’o + bn gil-ax+bt+co+oW ()] (59)
Xzyl + Bl 2(’“1

and
a’o; +b a’o; +b ,
- _ |__= - i[—ax+bt+co+osW(t)]
u(x, t) ’ m—) cot( 20, n) e ) (60)
v(x,t)
=0@{— [— azal tb cot a2a1 + bn ei[—ax+bt+c0+(sW(t)] (61)
Xzyl + Bl 2(11

provided (a?a; + b)(x?v, +B,) <O.
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Result 3.
2(a%0y +b)
=%, n=u Ay =0,
62
_ -1 Boo | (62)
4(y?y, +B,)(@%a, +b)" 2022y, +B,)
where a;(aay +b) >0 and o, (x*y, +B,) <O.
From (62), we obtain the periodic solutions:
[ 2(a2a1+b)
| [ = D@, +b) / ( ) \
u(x,t) = { >
1 En el )
1 (63)

01

v(x,t) = O

(\/(“2 e ( fz(a2a1+b) 11) \

\ G +,) sec z(aza1+b) n) + 1}
(64)

u
/ < 2(32u1+b) T])
+ = aZal +b % ax+bt+co+cW(t)]
/ 2y +
X Yl Bl \“ sec < 2(a%aq +b) T]) )}

01

and
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( / < 2(a2o; +b) ) \
[ ese| [=——n
s [Emmm| L)

\
(65)
_ a?o; +b |/ C0t<\12(a “1+b)n> \l\l} eil-ax+bt+co+oW(B)]
X2Y1+B1\u <\[mﬂ>+1/) ,
v(xt) = 6{{](”2 ) |/ CSC( un) \l
' \ (v, +8,) \u ese (\[@0 + 1/ )

- - / COt( ,2(a 03+b) ) |
_ a‘oy + | % 1 ax+bt+c0+cW(t)]
2y + ’
X Yl Bl \HCSC( 2(a%01+b) n) + 1/}
01

Provided (u? — 1)(a%a; + b)(x?y, +B,) > 0.
Case 4. Putting Y = p = 0, equation (13) has the formal solution:

U(m) = Ap + At(m), (67)

Where A, and A; are constants such that A; #= 0 where (1)
satisfies the non-linear ODE (25):

substituting (67) along with (25) into equation (13), collecting the
coefficients of each power t'(n), (i = 0,1,2,3) and setting these
coefficients to zero, we have the following algebraic equations as
follows:

T3 . X2A3iY1 + A?iBl + 2A10(1 = 0,
12 @ 3x2A A%y, + 3A,A3B, =0,
T : 3X2A%A1y1 - a2A10(1 + 3A%)A181 — bA1 = 0,

©° 0 Ady? Y, — Ajata, +A0B1 =0.
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On solving the above algebraic equations via Maple software, we
get

2(1,1

b=-a’0, Ay =0, Ay = |————, 68
a al 0 1 Xzyl + Bl ( )
Where a; (x*y, +B,) <O.

From (68), we reach rational wave solutions:

U(X, t) = — & (l) ei[—aX+bt+Co+cW(t)]' (69)
%2y, + By \n
V(X) t) =0 _ﬁ(l) ei[—ax+bt+c0+cW(t)]’ (70)
%2y, + By \n

Where n = x + 2aq,t.

6. Conclusions

In this paper, the generalized projective Riccati equations scheme
has been employed to discover solitons and other exact solutions of
the coupled one-dimensional perturbed N-LSE with Kerr-law
nonlinearity and multiplicative white noise. This study has
presented bright, dark, singular solitons, in addition to solutions for
rational and periodic functions, reported for the first time. The
proposed scheme demonstrates effectiveness and can be utilized in
multiple applications of different non-linear PDEs. By comparing
the solutions obtained in this paper using the GPREs scheme with
the solutions provided in [7], we noted that all our solutions are
different from them and that each solution is a new one. Finally, all
solutions obtained in this paper have been verified using Maple
2023 by returning them to the fundamental equations (2) and (3).
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