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Abstract

In this paper, we study a compressible chemotaxis-convection
model with sensitivity functions for tumor angiogenesis system,
arising as a simplified model for the initial phase of tumor-related
angiogenesis. As essential characteristics, this system is the
existence of a sequential coupling between two chemical attraction
processes, that involve the production of a signal, as in classical
Keller-Segel systems, and are linked to another repulsive mutual
diffusion mechanism, driven by the frictional force. The existence
and uniqueness of solution for this system is established by the
classical energy method.
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1.Introduction

The modeling and analysis of the Keller-Segel systems are extended
to variations which describe not only biological phenomena [1-2]
but also medical phenomena (e.g., Alzheimer's disease [3], the
tumor invasion [4-5], the tumor angiogenesis [6-7]. Recently, as to
the tuberculosis granuloma formation, Feng [8] developed
mathematical models of the evolution of granuloma by the Keller-
Segel system. In recent years, properties of cancer have been
analyzed mathematically using partial differential equations. These
equations have been studied extensively, and the role of targeted cell
diffusion processes has been experimentally investigated in vitro
[9]. Many researchers are involved in the analysis and in vivo for
human health. The cancer is one of the most important areas of study
in these themes. The growth of a solid tumor is dependent on an
adequate supply of nutrients. A tumor can establish a blood supply
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by inducing neighboring blood vessels to sprout and grow towards
it, a process known as angiogenesis. The tumor cells may secrete a
number of diffusible chemicals which stimulate endothelial cells to
migrate, to rearrange themselves into capillary tubes or sprouts, and
to proliferate. In the early stage of angiogenesis wherein the
endothelial cells group together in the parent vessel to form the
initial capillary-sprout buds. Orme and Chaplain [10] described the
branching of capillary sprout during tumor angiogenesis according
to chemotaxis.

In this paper, we study tumor angiogenesis models that describe the
couple effects of chemotaxis and convection on capillary growth
during tumor angiogenesis:

0en = An — V. (x;nVv) — V. (xonVw), x € R3,t > 0
0,v=A0v—V.((vVw) +an—Bv, x€R3t>0 (1.1)
0,w = Aw — 6w + yn, x € R3,t > 0.

With initial data
(n,v,w)|i=o = (no(x),vo(x),wo(x)), x €R?, (1.2)

Where (19 (x), v (x), wo(x)) = (0,0,0) as [x| - oo.

We begin with a brief description of the system (1.1), this model
explains the hypotheses that the endothelial cells secrete both matrix
and fibronectin, that the endothelial cells as well as the adhesive
sites are carried with the extracellular matrix, and that the
endothelial cells move chemotactically toward increasing
fibronectin concentrations. Here,n = n(t,x),v =
v(t,x),and w = w(t,x) denote the density of endothelial cells,
the concentration of a certain adhesive chemical, the distribution of
the so-called extracellular matrix, respectively. Where
X1 X2,6 a,B,8,y are positive constants and T = 1. Chemotaxis term
—xV. (nVv) indicates that cells move towards gradients of chemical
concentration, the term —V.(x;nVw)) represents chemotactic
aggregation effect and causes difficulties in analyzing this system;
for more details, (cf. also ([7], [10]) for more details about the
background of (1.1). Li and Tao [11] showed global existence and
boundedness in the one-dimensional setting. After that, Ren [12]
derived small data global existence and stabilization in the two-
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dimensional setting. Also, Tao and Winkler [13] established global
existence and boundedness when T = 0. More related works can be
found in ([14-19]).

For later use in this paper, we give some notations. Let 1 < P < oo,
we denote LP for the Lebesgue space on (), and the norms in the
space LP(R?) are denoted by ||. |lp- For nonnegative integer K, we

denote by HX the Sobolev space of order K. Set L? = H?, the norm
of HX is denoted by |. | gx. We set 0% = 6;:110;22 6;33 for a multi-
index @ = [@, @z, @3] and lengthof ¢ is |.| = a3 + @, + a5. C and
C;, where i = 1,2, denote some positive (generally small) constant,
where both C and C; may take different values in different places.
Let us denote the space

X(O.T (n,v,w) € ([0, T]; H3(R®)) n c*([0, T]; HY(R®)),
1) _{ (Vn, Vo, ¥w) € 12([0, T]; H3(R3)). }
The main goal of this paper is to establish the existence of unique
local solutions in three dimensions for the above system (1.1). The
main result of this paper is stated as follows:
Theorem 1.1. Let W(t) = (n,v,w) be a smooth solution to the
Cauchy problem of the chemotaxis system (1.1) with initial data
Wy = (ng, v, Wo). Suppose that there exists a positive constant
€o such that if

1m0, vo, wollys < &,

then the Cauchy problems (1.1)-(1.2) of the Keller-Segel system
admits a unique local solution (n, v, w) with

(n,v,w) € X(0,T).

The proof of Theorem (1.1) follows directly from the local existence
of solutions and the uniqueness of solutions, which will be proved
in the next section. The proof of the existence of local solutions by
constructing a sequence of approximation functions based on
iteration and some basic energy estimates.
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2. Existence of local solutions

In this section, we show the proof of the existence of local solutions
(n, v, w) by constructing a sequence of functions that converges to
a function satisfying the Cauchy problem. We construct the
sequence (n/, v/, w));, by iteratively solving the Cauchy problem
on the following

oIt — At = —x, (). VoI tY) — x, V. (n/Vw/tY),
0,0/ — Av/HL + Byt = —EV. (W Vw/tY) +an/,
O, witl — AW/t + sw/tt =yn/,  xeR3, (2.1)

with initial data
(nj+1’vj+1’wj+1)|t=0 = (ng,vo,wy), x€ER3, (2.2)

for j = 0, where (n° v° w?) = (0,0,0) holds. For simplicity, In
what follows, let us writt Wy = (ng,vo,wp) and W =
(nj , v/, wi )]_>O. Now, we will need to prove the following result:
Theorem 3.1.

Suppose ||[Wylly < &, for small constants g, >0, T> 0,k > 0.
Then for each j > 0, W € C([0,T)]; H?) is well defined and

Sup ”VVJ (t)”Hg <K. (2.3)
0<t<T,

Moreover, (Wj)jzo is a Cauchy sequence in Banach space C([0,T];

H3), the corresponding limit function denoted by W belongs to
C([0,T]; H?) with

sup IW®Ilys <K, (2.4)
0<tsT

and W = (n,v,w) is a solution to the Cauchy problem (1.1)-(1.2)
over [0, T]. The Cauchy problem (1.1)-(1.2) admits at most one
solution W€ C([0, T]; H3), which satisfies (2.4).
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Proof

We use the induction to prove (2.3). The trivial case is j = 0 since by
the assumption at the initial step. Suppose that (2.3) holds for
some j > 0 where K is small enough. To prove (2.3) holds for j + 1,
we need some energy estimates on (n/*1, v/, w/t1),

Applying 0% to both sides of the first equation of (2.1), multiplying
by 8%n/*1, and integrating over R® with|a| < 3, we obtain

1d

) ) .
Sl 0T dx — [, 0%AnI* 90t dx

— X1 Jgs 09V (W) VUI*1) 9%+t dx —
Xz Jpz 0°V. (W VWI*1) 9%ni*t dx. (2.5)

By using integration by parts, we get

S j 051 dx + j |0°vn 1| dx

X1 s 0% (WVVItY) 6"‘VnJ+1 dx +
Xz Jos 0%(WVWIT1) 92Vni*tt dx. (2.6)

Then
o= j l9eni*1 | dx + j |0°vni*1 |2 dx

R3

<C||n’|| (v, ||Vn’“||
+C ||n’||H3||VW"“||H3 IIVn’“IIHs

Then, after taking the summation over |a| < 3 and using the
Cauchy inequality, we have

1d .
: dtnnmn +C v,
< |7, [Vt vt wit |7, +
2
C||n1||H3. (2.7)

By the same way, for second equation of (2.1), we have
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zdtfR3|aa ]+1| dx +fR3|Vaa ]+1| dx + Bf |aa ]+1| dx =
—& [0 V(W) 0%t dx +  a [i3 0“0 0"Vt dx.
2.8)

Using integration by parts, the Cauchy inequality, and taking
summation over |a| < 3, we obtain

1d | |
s 7 s +Callver* s + ¢ o,
< ¢ [[vllgs Ivw s+ i s 2.9)

We have a similar way to estimate wi*! as follows:

> fR3|6°‘W]+1| dx +

VO wIt 1 dx + 6 [ 0w+t *dx =
¥ Jos 0% 0“w*1dx. (2.10)

Using integration by parts and using the Cauchy inequality, we
obtain

1d j+1 : j+1]|% j+1]|%
S+ I+ ol

< c||n1||H3. (2.11)

By taking the linear combination of inequalities (2.7), (2.9), and
(2.11) leads to

1 d . 2 ) 2 . 2
St I e + o2 s + w15
+C2||V(nj+1,vj+1,wj+1)||12_13 + C2||Uj+1’wj+1||:3 <

Cllw|2s + Clld, v)|[s [V vt w2, (2.12)

Thus, after integrating (2.12) over [0, t] for all t €[0,T], we have
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WOl +C [Iow @ ldsc; [ wil,
0 0

< ClIWolIZs +C [ W) sds +
CHIWE|s [TWH ()7 s ds. 2.13)

From the inductive assumption, the previous inequality can be re-
estimated as

Wi, +C f W) sds + C, f |, w2 ds
< Cel + CM2T+ CMZf ||vw1+1(s)|| ds, (2.14)

for any 0< t < T. Now, we take the small constants &, > 0, K >
0 and T > 0. Then, we obtain

W@ + Cal[TWH O]
I+, wHh|* s < K2, (2.15)

for any 0 < t < T. This implies that (2.3) holds for j + 1. Hence
(2.3) is proved for all j = 0. Next, we define the equivalent energy
functional

EWH () = |5 + o7 [ + w2 s
Similar to prove (2.13), we have

[EQW*1 (1)) — EW())| = | {37 EWI (o) dr |
<CfWE@|de+  cfia+ ||w1(r)||H3)||vw1+1(r)||;3dT +

C L@ wih)|| L de

< CK2(t—s)+C(1 +K?) fst”vwiﬂ(r)”ils dt +

C L@ w2 dr, (2.16)

forany 0 < s <t < T. Here, the time integral on the right-hand
side from the above inequality is bounded by (2.15), and hence
E(W'*1(t))is Continuous in t for each j = 0.By the same
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argument, we can infer that ||vi*? ||;3and |lwitt ||;3 are continuous
in t. From the continuity of E (W/*1(t)), we can also infer the
continuity of ||n/*? ||;3 Therefore, ||Wj+1(t)||;3
is continuous in time for any j > 1.

Now, we prove that the sequence (Wj)jzois a Cauchy sequence in

the Banach space C([0, T]; H®), which converges to the solution
W = (n, v, w) of the Cauchy problem (1.1)-(1.2), and satisfies (2.4).
For simplicity, we denote &f/*! = f/*1 — fJ. Taking the
difference of (2.1) for j + 1 and j so that it gives:

( 06T — ASnITt = —x, V. (WIVEVIT) — x, V. (6nIV))
—Xx2V. (WVeWIt1) — x, V. (§nivw)),
0,0Vt — ASVIT + pritt =
—&V. (VIVsWItt) — €V. (5vIVW)) + adn),
00wt — ASWItL + 6wt = yonl . (2.17)
By using the same energy estimates as before, we have
j+1 j+1
T LA
2
= CII(M,SU )| CATD] 8

+C||w||., [l @ swi ||, +
Vs *2|”, + s|[vew*|”, (2.18)

28 vz, + 2 wsv, + gllavil,
<, ||W+1||2

C||5v"||i,3 lvwilly. + allonle, (219
and
. 2 . 2
Lo+ sl + s,
< V||6n’||H3- (2.20)
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We combine the equations (2.18), (2.19), and (2.20) to get
2 w12, + Collvawi | +
¢, [, w1,
12 12 112
= clowl + clow, [lowil, +
Cl[WI| s [[vawWI*H| .. (2.21)

By integrating over [0, t] forany 0 < t < T from (2.21), we obtain
t t

Jowi+als + o [wawivt]fds + c, [[lcavi*s, awi b ds
0 0

t
< CA+KDT sup [[sWI7, + CK f [vswit||”, ds,
0<t<T, o
for any 0 < t < T, which by smallness of K and T implies that there

is a constant 8 € (0,1) such that

sup (W[, 2 <6 sup [[OW]
0<t<T 0=<t<T

forany j > 1.1t can be seen from the above inequality that(Wj)]_>0is

a Cauchy sequence in the Banach space C([0, T]; H3). We have the
limit function

H3’

1—>00

i
W =W?° + lim Z(wi+1 - W),
j=0

exists in C([0, T]; H3(R?)), and satisfies

Sup ”W(t)”H3 = Sup h_)m inf ||Wj(t)||H3 =K (2'22)
0<t<T ostsT/ 7"

Finally, we show that the Cauchy problem (1.1)-(1.2) admits at most
one solution in C([0, T]; H3(R3)). Suppose that there exist two
solutions W, W in C([0, T]; H3(R®)) which satisfy (2.4). Let 7i =
n,(x, t) —n,(x,t), % = u,(x, t) —uy(x,t),and ¢ =cy(x,t)—
cy(x, t),

Solves
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0; i — Al = —x;V.(n, V9) — 3, V. (fiVv,)
—xX2V. (np VW) — X2 V. (iVwy),
0, 7 — AT + BT = —&V. (n, VD) — (2.23)
EV. (V) +af,
0; W— AW + 6w = y 1.

Multiplying i to both sides of the first equation of (2.23) and
integrating over R3, we have

f ﬁatﬁdx—f nARdx

R3 R3

= —xlj i V.(n, Vi)dx —xlj i V.(AiVv,) dx
R3 R3

—xzj aV.(n,Vw)dx _XZJ a V. (AVw,)dx.
R3 R3

Then, after using integration by parts and the Cauchy inequality, we
obtain

1d, _ ) 2

A HIvA,

< xullnalls f (VA2 + [V5]?)dx
]R3

+ x1 Vvl | CIAl* + |Vii|*)dx
[R3

+ x2llnallpe | CIVAL* + [ViR]|?)dx
[R3
+ X2 IVl [ (17217 + |VAE|?)dx .

Since L” norms of n;,v;, w; where i = 1, 2 are bounded, we have
1d
S02 S012
Cr TS IIr;IILz+CIIV121IILz 2
< C(IIRllZ + VB2 + IV ]|Z). (2.24)

For the estimate of ¥, multiplying ¥ to both sides of the second
equation of (2.23) and taking integrations in X, we obtain
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Jos D0 Vdx — [, TADdX  + B [5|T]* dx =
& Joa U V. (v, VW)dx — & [os U V. (5Vw,) dx +
a [ps U Aidx,
Then
1 d ~112 ~112 ~112
Sdt I1Z1l72 + ClIVDIl;= + ClIT|l L

< c(IgliZ + IfllZ + IVwllZ2).  (2.25)

Similarly, as above, we estimate W as follows:

1d _ _
P W2 + IVW |22 + S|W]|%
< c(lIAllZ + lwllZ). (2.26)

Then, after taking the linear combination of above estimates, we
obtain

~(I7NZ + 191% + 1WlI%) +
C (9117 + 11wllZ)
+C (IVAll L+ 1VEll% + IV |%)
< c(lllZ + 1512 + IIw]l72). (2.27)

By applying Gronwall’s inequality to the above equation, we have

sup (7l + 191122 + IWIIE2)
0<ts<T
< Ce“" (IR + 15017z + WOl z2).

Since the initial data of (71, ¥,w) are all zero for T > 0, that implies
the uniqueness of the local solution.

Conclusion

In this paper, we prove the existence of local solutions for
chemotaxis-convection model with
sensitivity functions for tumor angiogenesis system in three
dimensions. We show the existence of unique solutions by the
energy method. We use integral by parts, Cauchy inequality, and
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Gronwall's inequality to prove the local existence and uniqueness of
solutions.
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   {      𝜕  t n = ∆ n − ∇ .  (  χ 1 n ∇ v ) − ∇ .  (  χ 2 n ∇ w ) ,     x ∈  ℝ 3 , t > 0     𝜕  t v = ∆ v − ∇ .  ( 𝜉 v ∇ w ) + 𝛼 n − 𝛽 v ,               x ∈  ℝ 3 , t > 0       𝜏   𝜕  t w = ∆ w − 𝛿 w + 𝛾 n   ,                                                     x ∈  ℝ 3 , t > 0 .    ( 1 . 1 )    


   ( n , v , w )  |  t = 0 =  (   n 0  ( x ) ,   v 0  ( x ) ,   w 0  ( x ) ) ,       x ∈  ℝ 3 ,       ( 1 . 2 )  


   (   n 0  ( x ) ,   v 0  ( x ) ,   w 0  ( x ) ) →  ( 0 , 0 , 0 )   as    | x | → ∞ .  


    n =   n  ( t ,   x ) ,   v = v  ( t ,   x ) ,   a n d     w =   w  ( t ,   x )


   χ 1 ,  χ  2   , 𝜉 , 𝛼 , 𝛽 , 𝛿 , 𝛾   are  


  positive   constants   and   τ = 1 .


  − χ ∇ .  ( n ∇ v )  


  − ∇ .  (  χ 1 n ∇ w )


  1 ≤ P ≤ ∞ ,


      L  p


  Ω ,


      L  p  (  ℝ 3 )


     ‖ . ‖ p .


  K


   H k


  K


   L 2 =  H 0 ,  


   H k


     ‖ . ‖   H k .


    𝜕  𝛼 =   𝜕    x 1    𝛼 1   𝜕    x 2    𝛼 2   𝜕    x 3    𝛼 3


  𝛼 =  [   𝛼 1 ,   𝛼 2 ,   𝛼 3 ]


  𝛼


   | . | =   𝛼 3 +   𝛼 2 +   𝛼 3


  C


   C i


  i = 1 , 2


  C


   C i


   


  X  ( 0 , T ) =  {     ( n , v , w ) ∈ C  (  [ 0 , T ] ;  H 3  (  ℝ 3 ) ) ∩  C 1  (  [ 0 , T ] ;  H 1  (  ℝ 3 ) ) ,    ( ∇ n , ∇ v , ∇ w ) ∈  L 2  (  [ 0 , T ] ;  H 3  (  ℝ 3 ) ) . }


  W ( t ) = ( n , v ,   w )


   W 0   =     ( n 0   ,   v 0 ,   w 0 ) .


   ε 0  


     ‖   n 0 ,   v 0 ,   w 0 ‖   H 3 ≤  ε 0 ,


  ( n , v ,   w )


  ( n , v   ,   w ) ∈   X  ( 0 , T ) .


  ( n , v ,   w )


    (   n  j ,   v  j ,   w j )  j ≥ 0


   {          𝜕  t   n  j + 1 − ∆   n  j + 1 = −  χ 1  (   n  j . ∇   v  j + 1 ) −  χ 2 ∇ .  (   n  j ∇   w  j + 1 ) ,                     𝜕  t   v  j + 1 − ∆   v  j + 1 + 𝛽   v  j + 1 = − 𝜉 ∇ .   ( v  j ∇   w  j + 1 )     + 𝛼     n  j ,                     𝜕  t     w  j + 1 − ∆   w  j + 1 +   𝛿 w  j + 1 =   𝛾 n  j   ,               x ∈  ℝ 3   ,                      ( 2 . 1 )                          


          (   n  j + 1 ,   v  j + 1 ,   w  j + 1 ) |  t = 0 =  (   n 0 ,   v 0 ,   w 0 ) ,               x ∈  ℝ 3 ,          


  j ≥ 0 ,  


   (   n 0 ,   v 0 ,   w 0 ) ≡  ( 0 , 0 , 0 )


     W 0 =


   (   n 0     , v 0 , w 0 )


     W j =  (   n  j ,   v  j ,   w  j )  j ≥ 0


     ‖   W 0 ‖  N ≤   𝜀 0


        ε 0   > 0 ,


  T > 0   , k > 0 .


  j ≥ 0


   W j ∈   C (  [ 0 , T ) ] ;    H 3 )  


                                           ‖  W j  ( t ) ‖   H 3 ≤  K   .      Sup   0 ≤ t ≤  T 1                                                               ( 2 . 3 )                


    (  W j )  j ≥ 0


  T


   H 3 )


  T


   H 3 )


                               ‖ W  ( t ) ‖   H 3 ≤  K   ,      Sup   0 ≤ t ≤ T                                                                                 ( 2 . 4 )                                


    n   ,   v , w )


    T


  ∈


  C (  [ 0 , T ] ;  H 3 )


    j = 0


    j ≥ 0


   K  


  j + 1


  (   n  j + 1 ,   v  j + 1 ,   w  j + 1 ) .  


   ∂ α


   ∂ α   n  j + 1 ,  


   ℝ 3


   | α | ≤ 3


   1 2  d dt   ∫   ℝ 3     |  ∂ α   n  j + 1 | 2 dx −   ∫   ℝ 3   ∂ α ∆   n  j + 1  ∂ α   n  j + 1 dx


                = −    χ 1   ∫   ℝ 3   ∂ α ∇ .  (   n j . ∇   v  j + 1 )  ∂ α   n  j + 1 dx −                                 χ 2   ∫   ℝ 3   ∂ α ∇ .  (   n j ∇   w  j + 1 )  ∂ α   n  j + 1 dx .


                             1 2  d dt   ∫   ℝ 3     |  ∂ α   n  j + 1 | 2 dx +   ∫   ℝ 3     |  ∂ α   ∇ n  j + 1 | 2 dx


                            =    χ 1   ∫   ℝ 3   ∂ α  (   n j ∇   v  j + 1 )  ∂ α   ∇ n  j + 1 dx +                                          χ 2   ∫   ℝ 3   ∂ α  (   n j ∇   w  j + 1 )  ∂ α ∇   n  j + 1 dx .


                                                     1 2  d dt   ∫   ℝ 3     |  ∂ α   n  j + 1 | 2 dx +   ∫   ℝ 3     |  ∂ α   ∇ n  j + 1 | 2 dx                 ≤ C    ‖   n j ‖   H 3    ‖ ∇   v  j + 1 ‖   H 3    ‖ ∇   n  j + 1 ‖   H 3 + C      ‖   n j ‖   H 3    ‖   ∇ w  j + 1 ‖   H 3        ‖ ∇   n  j + 1 ‖   H 3 .    


   | 𝛼 | ≤ 3


                                                 1 2  d dt    ‖   n  j + 1 ‖   H 3 2 +  C 1      ‖ ∇   n  j + 1 ‖   H 3 2


                              ≤     C    ‖   n j ‖   H 3 2      ‖ ∇  (   n  j + 1 ,   v  j + 1 ,   w  j + 1 ) ‖   H 3 2 +                                             C    ‖   n j ‖   H 3 2 .    


                   1 2  d dt   ∫   ℝ 3     |  ∂ α   v  j + 1 | 2 dx   +   ∫   ℝ 3     |   ∇ ∂ α   v  j + 1 | 2 dx +       𝛽   ∫   ℝ 3     |  ∂ α   v  j + 1 | 2 dx = − 𝜉   ∫   ℝ 3   ∂ α ∇ .  (   v j ∇   w  j + 1 )  ∂ α   v  j + 1 dx +       𝛼   ∫   ℝ 3   ∂ α   n j  ∂ α   v  j + 1 dx .  


   | 𝛼 | ≤ 3 ,


         1 2  d dt      ‖   v  j + 1 ‖   H 3 2     +  C 1      ‖ ∇   v  j + 1 ‖   H 3 2 +  C 2      ‖   v  j + 1 ‖   H 3 2


                        ≤   C      ‖   v j ‖   H 3 2        ‖ ∇   w  j + 1 ‖   H 3 2 + C      ‖   n j ‖   H 3 2   .            


    w  j + 1


                           1 2  d dt     ∫   ℝ 3     |  ∂ α   w  j + 1 | 2 dx +                           ∫   ℝ 3     |   ∇ ∂ α   w  j + 1 | 2 dx + 𝛿   ∫   ℝ 3     |  ∂ α   w  j + 1 | 2 dx     =                             𝛾   ∫   ℝ 3   ∂ α   n j  ∂ α   w  j + 1 dx   .


                     1 2  d dt  ‖   w  j + 1 ‖   H 3 2 +      ‖ ∇   w  j + 1 ‖   H 3 2 +  C 2    ‖   w  j + 1 ‖   H 3 2


                                                ≤ C    ‖   n j ‖   H 3 2 .                                                            


               1 2  d dt    [    ‖   n  j + 1 ‖   H 3 2 +    ‖   v  j + 1 ‖   H 3 2 +      ‖   w  j + 1 ‖   H 3 2 ]  


            +  C 2    ‖   ∇ ( n  j + 1 ,   v  j + 1 ,     w  j + 1 ) ‖   H 3 2 +  C 2    ‖   v  j + 1 ,   w  j + 1 ‖   H 3 2 ≤


            +  C 2    ‖   ∇ ( n  j + 1 ,   v  j + 1 ,     w  j + 1 ) ‖   H 3 2 +  C 2    ‖   v  j + 1 ,   w  j + 1 ‖   H 3 2 ≤


          C    ‖   n j ‖   H 3 2 + C    ‖   ( n j ,   v j ) ‖   H 3 2      ‖ ∇  (   n  j + 1 ,   v  j + 1 ,   w  j + 1 ) ‖   H 3 2 .  


  [ 0 , t ]  


    ∈


  T ] ,  


           ‖  W  j + 1 ( t ) ‖   H 3 2   +  C 1   ∫ 0 t     ‖   ∇ W  j + 1  ( s ) ‖   H 3 2 ds   + C 2   ∫ 0 t     ‖ (   v  j + 1 ,   w  j + 1 ) ‖   H 3 2


                          ≤ C      ‖  W 0 ‖   H 3 2 + C     ∫ 0 t     ‖  W j  ( s ) ‖   H 3 2 d s +                           C   ∫ 0 t     ‖  W j  ( s ) ‖   H 3 2        ‖   ∇ W  j + 1  ( s ) ‖   H 3 2 ds .


     ‖  W  j + 1 ( t ) ‖   H 3 2 +  C 1   ∫ 0 t     ‖   ∇ W  j + 1  ( s ) ‖   H 3 2 ds +  C 2   ∫ 0 t     ‖ (   v  j + 1 ,   w  j + 1 ) ‖   H 3 2 ds                  


                            ≤ C   𝜀 1 2 + C  M 2 T + C  M 2   ∫ 0 t     ‖   ∇ W  j + 1  ( s ) ‖   H 3 2 ds   ,


  ≤ t ≤ T .


      𝜀 0 > 0


  K > 0   and   T > 0 .


       ‖  W  j + 1  ( t ) ‖   H 3 2 +  C 1    ‖   ∇ W  j + 1  ( t ) ‖   H 3 2


                                           ‖ (   v  j + 1 ,   w  j + 1 ) ‖   H 3 2 ≤  K 2 ,


    ≤ t ≤ T


  j + 1


  j   ≥ 0 .


    ( W  j + 1 ( t ) ) ≔    ‖   n  j + 1 ‖   H 3 2 +    ‖   v  j + 1 ‖   H 3 2 +    ‖   w  j + 1 ‖   H 3 2 .


             | E   ( W  j + 1 ( t ) ) − E   ( W  j + 1 ( s ) ) | =  |   ∫ s t   d  d τ   E   ( W  j + 1 ( τ ) )   d τ   |


  ≤ C   ∫ s t     ‖  W j  ( τ ) ‖   H 3 2 d τ +               C   ∫ s t  ( 1 +    ‖  W j  ( τ ) ‖   H 3 2 )    ‖   ∇ W  j + 1  ( τ ) ‖   H 3 2 d τ +             C   ∫ 0 t     ‖  (   v  j + 1 ,   w  j + 1 ) ‖   H 3 2 d τ


              ≤   C  K 2  ( t − s ) + C  ( 1 +  K 2 )   ∫ s t     ‖   ∇ W  j + 1  ( τ ) ‖   H 3 2 d τ +             C   ∫ s t     ‖ (   v  j + 1 ,   w  j + 1 ) ‖   H 3 2 d τ ,


  for   any   0 ≤ s ≤ t ≤ T .


    E ( W  j + 1 ( t ) )  


  t


  j ≥ 0 .  


         ‖   v  j + 1 ‖   H 3 2 and      ‖   w  j + 1 ‖   H 3 2


  t .


    From   the   continuity   of   E     ( W  j + 1 ( t ) ) ,  


         ‖   n  j + 1 ‖   H 3 2 .


     ‖  W  j + 1 ( t ) ‖   H 3 2


    is   continuous   in  


    ≥ 1


     (  W j )  j ≥ 0


  C  (  [ 0 , T ] ;  H 3 )


  W =  ( n , v , w )


  𝛿   f  j + 1 =   f  j + 1 −   f  j .


  j + 1


  j  


   {             ∂ t 𝛿   n  j + 1 − ∆ 𝛿   n  j + 1 = −  χ 1 ∇ .  (   n j ∇   𝛿 v  j + 1 ) −  χ 1 ∇ .  ( 𝛿   n j ∇   v j )     −  χ 2 ∇ .  (   n j ∇   𝛿 w  j + 1 ) −  χ 2 ∇ .  ( 𝛿   n j ∇   w j ) ,               ∂ t 𝛿   v  j + 1 − ∆ 𝛿   v  j + 1 + 𝛽   v  j + 1   =                                                                                                     − 𝜉 ∇ .  (   v j ∇   𝛿 w  j + 1 ) − 𝜉 ∇ .  ( 𝛿   v j ∇   w j ) + 𝛼 𝛿   n j ,        ∂ t   𝛿 w  j + 1 − ∆   𝛿 w  j + 1 + 𝛿   𝛿 w  j + 1 = 𝛾   𝛿 n j   .                                             ( 2 . 17 )


                                                 1 2  d dt  ‖   𝛿 n  j + 1 ‖   H 3 2   +  ‖ ∇ 𝛿   n  j + 1 ‖   H 3 2


                                                ≤ C    ‖  ( 𝛿   n j , 𝛿   v j ) ‖   H 3 2    ‖   ∇ ( v j ,   w j ) ‖   H 3 2                      


                                          + C    ‖   n j ‖   H 3 2    ‖ (     𝛿 v  j + 1 , 𝛿 w  j + 1 ) ‖   H 3 2 +                                                ‖   ∇ 𝛿 v  j + 1 ‖   H 3 2 +   𝛿    ‖   ∇ 𝛿 w  j + 1 ‖   H 3 2 ,


                                         1 2  d dt      ‖   𝛿 v  j + 1 ‖   H 3 2 +  1 2    ‖ ∇   𝛿 v  j + 1 ‖   H 3 2 + 𝛽    ‖   𝛿 v  j + 1 ‖   H 3 2


                                    ≤ C    ‖   v j ‖   H 3 2      ‖ ∇   𝛿 w  j + 1 ‖   H 3 2 +                                     C    ‖   𝛿 v j ‖   H 3 2        ‖ ∇   w j ‖   H 3 2 +   𝛼      ‖   𝛿 n j ‖   H 3 2   ,        


                                 1 2  d dt  ‖ 𝛿   w  j + 1 ‖   H 3 2 +   𝛿    ‖ 𝛿   w  j + 1 ‖   H 3 2 +    ‖ ∇ 𝛿   w  j + 1 ‖   H 3 2


                                                      ≤         𝛾  ‖   𝛿 n j ‖   H 3 2 .


                             1 2  d  dt      ‖   𝛿 W  j + 1 ‖   H 3 2 +   C 1    ‖   ∇ 𝛿 W  j + 1 ‖   H 3 2 +                                       C 2        ‖   ( 𝛿 v  j + 1 , 𝛿   w  j + 1 ) ‖   H 3 2                                


                              ≤ C    ‖   𝛿 W j ‖   H 3 2 + C    ‖   𝛿 W j ‖   H 3 2        ‖   ∇ W j ‖   H 3 2 +                                 C    ‖  W j ‖   H 3 2    ‖   ∇ 𝛿 W  j + 1 ‖   H 3 2 .                            


  [ 0 , t ]  


  ≤ t ≤ T


       ‖   𝛿 W  j + 1 ‖   H 3 2 + C 1   ∫ 0  t     ‖   ∇ 𝛿 W  j + 1 ‖   H 3 2 d s +   C 2   ∫ 0  t     ‖ (   𝛿   v  j + 1 , 𝛿   w  j + 1 ) ‖   H 3 2 d s


      ≤   C ( 1 +  K 2 ) T    ‖   𝛿 W j ‖   H 3 2      Sup   0 ≤ t ≤  T 1   + C  K 2     ∫ 0  t     ‖ ∇   𝛿 W  j + 1 ‖   H 3 2 d s ,    


      ≤   C ( 1 +  K 2 ) T    ‖   𝛿 W j ‖   H 3 2      Sup   0 ≤ t ≤  T 1   + C  K 2     ∫ 0  t     ‖ ∇   𝛿 W  j + 1 ‖   H 3 2 d s ,    


  0 ≤ t ≤ T


  K   and   T  


  𝜃 ∈ ( 0 , 1 )   such   that    


       ‖   𝛿 W  j + 1 ‖    H  3   ≤      Sup   0 ≤ t ≤ T   𝜃    ‖   𝛿 W j ‖    H  3         Sup   0 ≤ t ≤ T   ,


    ≥ 1


     (  W j )  j ≥ 0


  C  (  [ 0 , T ] ;  H 3 ) .


    W = W 0 +    lim  i → ∞ ⁡    ∑  j = 0  i   (  W  j + 1 −  W j ) ,


   (  [ 0 , T ] ;  H 3  (  ℝ 3   ) ) ,   and   satisfies      


         ‖ W  ( t ) ‖    H  3   ≤      Sup   0 ≤ t ≤ T        lim  j → ∞ ⁡    i n f      ‖  W  j  ( t ) ‖    H  3   ≤ K .         ( 2 . 22 )            Sup   0 ≤ t ≤ T      


   [ 0 , T ] ;  H 3 (  ℝ 3 )


  W ,   W ~


   


   [ 0 , T ] ;  H 3


   ℝ 3


    n ~ =   n 1  ( x , t ) −   n 2  ( x , t )


      u ~ =   u 1  ( x , t ) −   u 2  ( x , t ) , and


    c ~ =   c 1  ( x , t ) −   c 2  ( x , t ) ,


       {      𝜕  t     n ~ − ∆   n ~ = −  χ 1 ∇ .  (   n  2   𝛻   v ~ ) −  χ 1 ∇ .  (   n ~ 𝛻   v 1 )   −  χ 2 ∇ .  (   n  2   𝛻   w ~ ) −  χ 2 ∇ .  (   n ~ 𝛻   w 1 ) ,     𝜕  t     v ~ − ∆   v ~ + 𝛽   v ~ = − 𝜉 ∇ .  (   n  2   𝛻   v ~ ) −                                 𝜉 ∇ .  (   n ~ 𝛻   v 1 ) )     + 𝛼     n ~ ,                                                                           𝜕  t     w ~ − ∆   w ~ + 𝛿   w ~ = 𝛾     n ~ .                                                                


    n ~


   ℝ 3


     


            ∫   ℝ 3    n ~   𝜕  t   n ~ d x −   ∫   ℝ 3    n ~ ∆   n ~ d x             = −  χ 1   ∫   ℝ 3    n ~   ∇ .  (   n  2   ∇   v ~ ) d x −  χ 1   ∫   ℝ 3    n ~   ∇ .  (   n ~ 𝛻   v 1 )   d x −  χ 2   ∫   ℝ 3    n ~ ∇ .  (   n 2 ∇   w ~ ) d x     −  χ 2   ∫   ℝ 3    n ~ ∇ .  (   n ~ ∇   w 1 ) d x .  


                                                           1 2  d  dt      ‖   n ~ ‖    L 2 2   +  ‖ ∇   n ~ ‖    L 2 2 ≤      χ 1    ‖   n 2 ‖    L ∞   ∫   ℝ 3    (    | ∇   n ~ | 2 +  | ∇   v ~ | 2 ) d x


                                                          +    χ 1    ‖ ∇   v 1 ‖    L ∞   ∫   ℝ 3   (      |   n ~ | 2 +    | ∇   n ~ | 2 ) d x +    χ 2    ‖   n 2 ‖    L ∞   ∫   ℝ 3   (      | ∇   n ~ | 2 +    | ∇   w ~ | 2 ) d x


                                                          +    χ 1    ‖ ∇   v 1 ‖    L ∞   ∫   ℝ 3   (      |   n ~ | 2 +    | ∇   n ~ | 2 ) d x +    χ 2    ‖   n 2 ‖    L ∞   ∫   ℝ 3   (      | ∇   n ~ | 2 +    | ∇   w ~ | 2 ) d x


                                                                +    χ 2    ‖   ∇ w 1 ‖    L ∞   ∫   ℝ 3   (    |   n ~ | 2 +    | ∇   n ~ | 2 ) d x   .      


    L ∞


    n  i


    v  i ,   w  i


                                           1 2  d  dt      ‖   n ~ ‖    L 2 2   + C  ‖ ∇   n ~ ‖    L 2 2


                                  ≤ C  (    ‖   n ~ ‖    L 2 2 +    ‖ ∇   v ~ ‖    L 2 2 +    ‖ ∇   w ~ ‖    L 2 2 ) .    


    v ~


    v ~


                          ∫   ℝ 3    v ~   𝜕  t   v ~ d x −   ∫   ℝ 3    v ~ ∆   v ~ d x       + 𝛽   ∫   ℝ 3     |   v ~ | 2 d x   =                   − 𝜉   ∫   ℝ 3    v ~   ∇ .  (   v  2   ∇   w ~ ) d x − 𝜉   ∫   ℝ 3    v ~   ∇ .  (   v ~ 𝛻   w 1 )   d x +                         𝛼   ∫   ℝ 3    v ~   n ~ d x .


           1 2  d  dt      ‖   v ~ ‖    L 2 2 + C    ‖ ∇   v ~ ‖    L 2 2 + C    ‖   v ~ ‖    L 2 2


                                          ≤ C  (    ‖   v ~ ‖    L 2 2 +    ‖   n ~ ‖    L 2 2 +    ‖ ∇   w ~ ‖    L 2 2 ) .                 ( 2 . 25 )    


    w ~


                             1 2  d  dt      ‖   w ~ ‖    L 2 2 +    ‖ ∇   w ~ ‖    L 2 2 + 𝛿    ‖   w ~ ‖    L 2 2


                                                                      ≤ C  (    ‖   n ~ ‖    L 2 2 +    ‖   w ~ ‖    L 2 2 ) .                          


     1 2  d  dt    (    ‖   n ~ ‖    L 2 2 +    ‖   v ~ ‖    L 2 2 +    ‖   w ~ ‖    L 2 2 ) +


                                          C 1  (    ‖   v ~ ‖    L 2 2 +      ‖   w ~ ‖    L 2 2 )  


                                  +  C 2  (    ‖ ∇   n ~ ‖    L 2 2   +  ‖ ∇   v ~ ‖    L 2 2 +    ‖ ∇   w ~ ‖    L 2 2 )


                                  +  C 2  (    ‖ ∇   n ~ ‖    L 2 2   +  ‖ ∇   v ~ ‖    L 2 2 +    ‖ ∇   w ~ ‖    L 2 2 )


                                  ≤ C  (    ‖   n ~ ‖    L 2 2 +    ‖   v ~ ‖    L 2 2 +    ‖   w ~ ‖    L 2 2 ) .    


                                              (    ‖   n ~ ‖    L 2 2 +    ‖   v ~ ‖    L 2 2 +    ‖   w ~ ‖    L 2 2 )      S u p   0 ≤ t ≤ T   ≤ C   e  c T   (    ‖   n ~  ( 0 ) ‖    L 2 2 +    ‖   v ~  ( 0 ) ‖    L 2  2   +    ‖   w ~  ( 0 ) ‖    L 2 2 ) .


    n ~


      v ~


    w ~

