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Abstract

This paper is concerned with existence the local solution of three
dimensional compressible chemotaxis system (Cauchy problem of
a hyperbolic- parabolic model of vasculogenesis) with
chemoattractant. We show the existence of local solutions by the
energy method, and using induction, integral by parts, Cauchy—
Schwarz inequality, Holder inequality, and Gronwall's inequality
in proving steps of local solution existence.

Keywords: Chemotaxis system, Cauchy problem of a hyperbolic—
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1. Introduction

Chemotaxis is a biological process describe the movement of an
organism orentity in response to a chemical stimulus. Somatic
cells, bacteria, and other single-cell or multicellular organisms
direct their movements according to certain chemicals in their
environment, and models for chemotaxis have been successfully
applied to the aggregation patterns in bacteria [1], [2], slime molds,
skin pigmentation patterns [3], angiogenesis in tumor progression
and wound healing [4], and many other examples. Therefore, a
huge number of works, both theoretical and experimental, have
been dedicated to exploring and hence understanding the
mechanistic basis of chemotaxis.

In 1953, Patlak [5] contributed the first mathematical idea to model
chemotaxis. In 1970s, Keller and Segel [6], [7] proposed a classical
and fundamental mathematical system to model chemotaxis. These
pioneering works have initiated an intensive mathematical
investigation of the (Patlak et al) model over the last 40 years. They
initiated a fruitful and have become one of the best-studied models
in mathematical biology and still continuing period of
mathematical analysis of chemotaxis by introducing a system of
partial differential equations, the general form of which

{nt =Vn —V.(nyVe),

ad, = DA + g, ). ®)

Where n(x, t)is the cell density, ¢(x,t) is the concentration of
chemical attractant, y is the sensitivity of the cell movement to the
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density gradient of the attractant, « is a positive constant, and the
reaction term g is a smooth function of the arguments .

There are two limiting cases of the Keller-Segel model (A). The
first one is when the chemical substance relaxes so fast that it
reaches its equilibrium instantaneously, i.e., a—0 and (A) is
reduced to a parabolic-elliptic system, see Ref [8]. The second one
is when the diffusion of the chemical substance is so small that it is
negligible, i.e, D — 0.

Hattori and Lagha [9, 10] studied Global Existence and Decay
Rates of the Solutions for the compressible Chemotaxis System
with chemoattractant and repellent in three dimensions with Lotka-
Volterra type model for Chemo Agents, they used the Fourier
transform and energy method to accomplish that.

In this paper we consider the following Cauchy problem of a
hyperbolic-parabolic model of vasculogenesi

d:p + div(pu) =0
d; (pu) + div(pu®u) + VP(p) = ppVe — Apu (B)
0, =Adp+app—bp t>0, x€R3.

Where p(x, t) is the density of endothelial cells u(x, t), is the cell
velocity, and ¢(x,t) is the concentration of endothelial cells
chemotactic factor, P is a monotonic pressure function. The
positive constants a and b denote the secretion and death rates of
the chemoattractant, respectively. In addition, the other two
positive constants y and A respectively measure the friction force
of the cell on the substrate and the reaction strength of the cells to
chemical signals.

The parabolic-hyperbolic coupled system of partial differential
equations may arise from physics, mechanics and material science
such as the compressible Navier-Stokes equations, thermo (visco)
elastic systems. The properties of solutions to nonlinear parabolic-
hyperbolic coupled systems are very different from those of
parabolic or hyperbolic equations. There are many mathematical
researches for various parabolic-hyperbolic coupled systems on the
well-posedness (local and global) and asymptotical behavior of
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solutions since 1970s (cf. [11]. It is well-known that the diffusion
(parabolic) dissipation can smoothen solutions from the crude
initial data, while on the contrary the hyperbolic effect can coarsen
solutions from the smooth initial data (e.g. see [12]). Therefore, the
relation between the regularity of solutions and the initial values of
parabolic-hyperbolic systems has been an interesting topic and
attracted many studies (e.g. see [13], [14]).

When ¢ = 0 (or without the effect of chemotaxis), the system (B)
becomes the well-known Euler equations with damping. The
global well-posedness and L?-decay rate of small solution of the
three dimensional Euler equations with damping in Sobolev space
were considered in [15, 16, 17]. In [18, 19] focus are considered on
mathematical models of in vitro vasculogenesis are considered
where it showed experiments of in vitro formation of blood vessels
show that cells randomly spread on a gel matrix autonomously
organize to form a connected vascular network.

Later, Fang and Xu [20] and Jiu and Zheng [21] the existence and
asymptotic behavior of solutions of the multi-dimensional
compressible Euler equations with damping on the framework of
Besov space are considered. Xu and Wang [22] derived relaxation
limit in Besov spaces. Liao et al [23] studied LF -convergence rates
of planar waves, and Deng [24] gave the pointwise description of
the solution for the half space problem more precisely, we also
refer to [25, 26, 27, 28, and 29] for the so-called p-system with
damping and Huang et. Menggian Liu and Zhigang Wu [30]
studied the Cauchy problem of a hyperbolic- parabolic model of
vasculogenesis in dimension three and they got it the optimal L*-
decay rate of the solution and its highest order derivatives when the
initial perturbation is small in HV (R®) and bounded in L*(R?).
The main goal of this paper is to establish the local and existence
of smooth solution of Cauchy problem of a hyperbolic- parabolic
model of vasculogenesis in three dimensions around a constant
state (po, 0,0).

The main result of this paper is stated as follows.
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Theorem 1.1.

Let N > 0 be an integer, there are constants 0 < T < oo and g, >
0 such that if the initial data W, € HY (R?) and ||W,|| < &, then
there exists a unique solution W = (p,u,¢) of the Cauchy
problem (2.1)—(2.2) on [0, T'] with

(p — poo,u) € C([0, T]; HN(R?)) n C* ([0, T]; HN 1 (R?),
¢ € C ([0, T]; HV(R®) n €1(0,T); HN"2(R?)).

We will also consider the simplified Chemotaxis fluid equations in
the form of the following initial value problem

dcp+V.(pu) =0,
0 u+ u. Vu+%(’”= uve — u, (1.1)
0: ¢ —Ap = app — bg,

With initial data:
(0w, P)le=0 = (po(x), ug(x), Po(x)).  (1.2)

Where it is supposed to hold that (po(x),u(x),pe(x)) —
(P, 0,0), as |x| — 0, for some constant p,, > 0, where In what
follows, the integer N > 4 is always assumed. We give some
notations, C denotes some positive constant and y; where i =1, 2,
denotes some positive (generally small) constant, where both C and
¥ i Which may vary in different estimates. For any integer N > 0
and P > 1, the Sobolev space W V-?(R3) denoted as H"(R?)
when, P = 2, also when N = 0 and P = 2 which becomes L? =
HO. We set 8 = 9510,20, for a multi-index k = {ky, k,, k3},
the length of k is |k| = X3 , k;.

This paper is organized as follows. In Section 2, we reformulate the

Cauchy problem under consideration. In Section 3, we prove the
local existence and uniqueness of solutions.
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2. Reformulation of the system.
Let W(t) = (p,u, ¢) be asmooth solution to the Cauchy problem
of the chemotaxis system (1.1) with initial data W, =

(Po » Uo , Po)-
Let us adjust the variables p = p,, + n(x,t), so that the Cauchy
problem (1.1) is rewritten as follows for ease of presentation in the
future:

0;n+ p,Vu+ V. (nu) =0,

0pu + w.Vu + %jp"“’) = uVe — Au, (2.1)

0:p —Ap + (b — ap,)P = ang,
With initial data:

(Tl, u, ¢)|t=0 = (n01u01 ¢0) - (O'O'O) (212)

As |x| = 0, where ng = py — ps. We assume that b — ap,, > 0.

3. Existence of local solutions.
In this paper, we show the proof of the existence of local
solutions (n,u,¢) by constructing sequence of functions

that converges to a function satisfying the Cauchy
problem. We construct a solution sequence

(nf,ul, ¢J')j>0 , by iteratively solving the Cauchy
problem on the following:

(0,0 + (0 + poo)V. /™ + VIt = 0,

P'(n + po)
n + po

0r¢/ ™ — QI + (b — apeo) ¢/t = an/ pIH.

J opu/tt +u vuitt + Vn/*tt = uvep/tt — auit,

With initial data:

(nj:uj»d)j)t:o = Wy = (ng, uo, o) (3.2)

6 Copyright © ISTJ A gine gaball (5 gia
48l) 5 o glall 43 gol) Alaall

(3.1)



International Science Volume 33 2l Ay gl it A

and Technology Journal Part 1 Aaxd i it ) &
' ISTJAT

4 A gal) Adaal)
L psleld S5l October 2023 )

£2023/ 10 /31 i adsad) o Wdialy 52023/ 9 /10 b 4Bl i) &3

For simplicity, in what follows, we write W/ = (n/,u/,¢’)
and Wy = (ng,ug, o) Where W ° = (0,0,0).

Lemma 3.1.

There are constants e, >0 , T; >0, M >0 such that if
IWoll v < &, then for each j >0, W/ € ([0, T,]: HV(R®)) is
well defined and

Sup ”Wj(t)”HN < M; jZ 0. (C)

0<t<T;

Moreover, (Wf)j20 is a Cauchy sequence in the Banach
space C([0,T;]; HV(R®))), and the limit function W (x,t)
of (W/);s, satisfies:

Sup ”W(t)”HN <M. (D)

0stsT;

With W = (n,u, ¢) is a solution given by the Cauchy problem
(3.1)-(3.2) over [0,T;]. At last, the Cauchy problem (3.1)-(3.2)
admits at most one solution W € C([0,T]: HV(R®)), which
satisfies (D).

Proof:

We set W ° = (0,0,0). Then, we use W?° to solve the equations
for W, The first and the second equation are the first order partial
differential equation and the third equation is the second order
parabolic equations. We obtain n!(x,t), ul(x,t) and ¢(x,t) in
this order. Similarly, we define (n/,u/, ¢’) iteratively. Now, we
prove the existence and uniqueness of solutions in
space C([0,Ty]: HV(R®)), where T; > 0, is suitably small. Let us
divided the proof into four steps as follows:

Step one, in this step, via energy estimates we will show the
uniform Boundedness of the sequence of functions under our
construction. We show that there exists a constant M > 0 such that
wi e ([0, T,]: H¥(R®)) is well defined and
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Sup ||Wf||HN <M, forall j>0. (3.3

0<t<Ty
We can prove (3.3) by using the induction.

It is trivial when j = 0. Suppose that it is true for j > 0, where
M is small enough. To prove for j +1, we need some energy

estimate for W/*1. Now, we make estimates on the high-order
derivatives of (n,u, ¢). Take k with |k| < N.

We can Apply 9* to the second equation of (3.1), multiplying by
d*u/*1 and then integrating in X, we have

okuwttoko,uitdx + | oku/tlok(u/. vt dx
RS RS

'
n a"uf“akwvm’“dx
R3 nl + Poo

=u | *u/tokve/tidx — 21| oku/Ttoku/ ldx.
R R3

Then

o j (aku“l) dx + 1 j 0%+ |? dx

J
R3 n + po

J
- _ aku]+1 Z Ck (P (Z] -::ZOO)) ak—ivnj+1dx
R3 co

i=1
- aku1+1z Ck (01w VoK iui*t)dx
R3 -
+u f |0%ui*1||0% Ve |dx. (3.4)
R3

Where the right-hand side is bounded by
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. . ; ; . 2
Cllm el |l e+ s ol
+C ||| IV .

We estimate on the third term from the left-hand side of the
previous equality and by using integrating by parts, we have

ren)
j okyitt <M) okvnitldx
R3 nl + Poo

- _ okyui+t (M) kni+tldx

R3 nj + Poo
.
_ | gryitty M akni*id x.
R3 nl + Poo

A , 1 , vnJtiu
By compensation {Vu1+1 = —( —9,ntt + u)} from
nJ+peo n+peo

the first equation (1.3) and by using integration by parts, one has

e
f oyt <M>akan+l
R3 TlJ + poo

=f ok (— 1 g pitt
R3 Tl] + poo
Vit w \P'(W + po, .
+— ( P )akn”ldx
n + P n + P

— okuitly M fnit1ldx
R3 Tl] + poo
= lj P,(n.] ) (0kn/*H2dx
2 Jps (n/ + pOO)z ‘
"(nJ
+j P (n' ) ak( . 1 >6tnj+16"nj+1dx
PER (2 2 n + P

1 . _P'(n? + po, .
+f (ak.—> Wiy 2 P i g
R3 n + po n + po
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. P’ + peo .
+j . ak(Vn“l.ul)Makn”ldx
RN n + P
VP () + pos .
—f @ty o Pen) e i gy (3.5)
R3 TLJ + poo

With compensation from (3.5) in (3.4), we get

Zdtf (okul*t) dx+;1f |0% i+t |" dx

1 P'( + po) i
— _~ 77 Jj+1y2
+2 o U F pu)? @/ )rdx
B J P'(n/ + po) 6"(
- R3 n * Poo n/ *+ Poo

)6tnj+16knf+1dx

1 , P’ + pe .
—f <0k . )(Vn“l.uf)wakn”ldx
R3 n + poo n + peo
. P’ + po .
—f L gk eumtt iy 2 P i g
R3 n] + poo le + poo
VP (1 + poo ,
(aku“l)Makn”ldx
nl + DPoo
j
akuj+1zck (P (Tl +p°°)>ak—ivnj+1dx
R3 nJ + P

i=1

_ aku1+1z Cl (0wVak ity dx
R3 —
+u f |0%ui*1||9% Ve |dx. (3.6)
R3

Where these terms

_f P'(nf' t Pw) ak( i 1 >a nit1gkni+1dy
PERR (2N 02 n + pe t
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1 P+ oo, .
—f 6"( . ) (Vn“lu/)#akn”ldx
R3 n + po n + Poo

P'(n) + po)

—J. . ok (it u)) ———=9Fn/ ldx
PERC n + P
_|_J- aku”lwakn”ldm

R3 nl + Poo

are bounded by
. . . . . ; 2
Clln |l + Cll? el H] o + Cll [l
FC gl ]l 37)

With compensation (3.5)-(3.7) in (3.4), after taking summation
over |k|<N and by using the Cauchy-Schwarz inequality, we get

1d 2 a2 1d., 2
el s IR ] R R

2+l [l [ + €l
|l o + [+ ClI97 2
[ I o+ €l [l

HN

Thus
1d ) )
7 (e PR P R T
< | + Cll]w + Clln 1
|l + ClR | w2
+C IIuJIIHNIIn"“II + IIHNIIuj“IIZN
+c||v¢f+1||HN. (3.8)
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By the same method as above, we apply 0“ to the third equation
of (3.1), multiplying by 0“¢’™ and integrating in x, we obtain

ak¢j+1ak at¢j+1dx_ f ak¢j+1akA¢j+1dx
R3 R3
+(b—apoo)J (8%pi*1) dx = aj Ok PI+19% (nJ pI*+1)dx.
R3 R3
By using integration by parts, we obtain
Zdtj (ak¢p/*1) dx+f kv tiokve/tidx
+(b —ap,,) | (%@ ") ?dx
R3 X
= aj akp/tt z clF (ainfa*~tp/ ) dx.
R i=0

Applying Holder inequality, we get

Lol + 1907+ o
< il

By using the Cauchy-Schwarz inequality, we have

, 2 . 2
5 dt ||¢”1|| W H Ve Ly + valle
. 2 :
< C||nf||HN||¢>’+1||HN,+C||nf||ZN. (3.9)

Then, by taking summation of (3.8) ,(3.9), we have
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C(lle o+ 1 + 167 ) + 299
(L + 17 ) < el + /]
4+l |l + Il
2l 2+l

scln]2ulle .
Thus

1d o o -
33 (8 I+ I o+ )

V9 L+ va (o + e )
< 2 + I 1200 + €l (2 + )
4w (I + 021
sl (I + 02 + 721
+C [+ (3.10)

Then, after integrating with respect to t, we have
t t
W+ [ 199 s +72 [ ™2,/ vds
0 0
t
< WOl +¢ [ IWuds
0
t
+ [ Wl e s
t
+¢ [ Wl w9 ds
0

t
+C [ I s,
0
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Thus

t t
W 4 v [ 1952 s +72 | i, 9] s
0 0

t
< W@+ € [ s
0
t t
e [ I s+ ¢ [ WG w6 s
0 0

By using Gronwall’s inequality, we obtain

i t t .
sup WO < [ [WI)|[yuds
0<t<T, 0

2
e S|l O)| < CeBTyeT sy W7 -
0<t=<T,

From the previous inductive assumption, we get

t t
W7 o+ [ 19974 s+ [ N g7 s
0 0
S CSOTlMZ- (311)

We now choose suitable small constants e, > 0,T7; > 0and M >
0 such that:

t t
743+ [ 9972 v [ w07 s
0 0
< M2 (3.12)

Forany 0 <t < T;. This implies that (3.3) holds true for j + 1 if
so for j. Hence (3.3) is proved.

Step 2, we prove that the sequence (W/) j=0 Isa Cauchy
sequence in the Banach space C([0,T;]: HV(R?)) which
converges to the solution W = (n,u, ¢) of the Cauchy problem
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(3.1)-(3.2), and satisfies syup ||W/||,,x < M. For simplicity, we
0<t<Ty

denote §f/*1 = f/*1 — fJ Subtracting the j-th equations from

the j + 1-th equations, we have the following equations

for on/*1, su/tland 5¢p/ 1

(9,60 + () + po, )VEUI T
= (60 + poo)V/ — 8wW.Vn/ —uwVsnI Y,
06wt + su/. v + W VeW ! + 15w/t
P'(n' + po)
n + pe,
0,67 — ASPITt + (b—ape, )57+
=an/6¢p/*t + ap/on/ .

= uvep/+t + dn/.vnJ — svn/tl (3.13)

\

By using the same estimates as before for second equation, we have

okouwt19ka, 00t dx + | a%sut1ak (sul. vui)dx
R3 R3

+ | oFswtlok(w/ . veuwt)dx + A | aksu/troksuitdx

R3 R3
=u| o*suttoksve/tldx — | o*su/trok(6n’/.Vvn))dx
R3 R3
| orswrrge PO TP go g,
R3 nl + Poo
Thus

j aksuit19%a, . 6u/ tdx
R3

k
+ f 9k suitt Z Ck 0isui 0%Vl )dx
R3 -

=0

15 Copyright © ISTJ A gine gaball (5 gia
48l) 5 o glall 43 gol) Alaall



International Science Volume 33 2l Ay gl it A

and Technology Journal Part 1 aal rg:i::] %

4 A gal) Adaal)
il paiall 158 4la October 2023 s

£2023/ 10 /31 b gsal) o Lodialy 62023/ 9 /10 i 4Bl pdia) i

k
+f akauf“Zcik (0w 9V suI L) dx
R i=0

+A | oksuttoksu/tdx = pu | o*su/trokvEgpit)dx
R3 R3
— | aksu/tt )y cfFoatenio*-ivnl)dx
R3 =0
P'(n/ + po)
n + po

k
i=

—f oksui*t1ok Vén/tldx
R3

k ,
. (P'(n + pg . .
— | oksult? Z ck ot (M> 0%~ von/tldx . (3.14)
R3 = nl + Poo
We can estimate the third term on the right-hand side of the
previous equality by using integration by parts and using the first
equation of (3.13), we get

eyl
gksusrige LU T Pe)
R3 TlJ + poo
P’ + po
= — 6"V6u1+1Ma
R3 nl + Poo
. P’/ + py,
— oksuitt VM@
R3 n] + poo
1 . snl + p)Vu! vnlsu’
=ja’< 1 gsnint g QU APV
R3 n + po n + po n + P

von/tldx

ksni*ldx

ksni+1dx.

w Vst \ P'( + po, .
. (0¥ Po) 5k i+ g
n + poo n + poo
. P'(n’ + po, .
— 6k6u1+1VM6k6n1+1dx.
R3 nl + Poo
Thus
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=f ak - - at5nj+1
R3 Tlf + poo
(607 + poo)Vul\ P' () + poy)
n + po W+ Po

View  wVSHITL\P'(W + po .
+f ey +— (¥ Po) okén/*tdx
R3 n+p, NP n + po

oksni*tldx

nt

_J- L LAYTIAR VM ksnitldx
R3 nl + Poo

B 1f P'(n + po)

N 2 R3 (TLJ + )2 (

P'(nt + o

+f (n' Poo) ak( _

R3 (Tl] + poo) nl + Poo

ak (S‘nj+1)12f

)atSnj“Ok&Lj“dx

P'(n) + po,)

. okenitldx
n + pe

1 . .
k J J
+L3nj+pw6 ((6n + po)VU’)

+L3<ak<njip ))((Snj

+ peo)Vu )(Tgmﬂaktgnj“dx

vnlsu/ WV \ P/ (n/ + po)
+j ok [ — +— .
R3 n + pe n + po n + pe
— oksuit? VM
R3 TL] + poo

okenitldx

akoni*1dx. (3.15)

Then these terms

j P'(n/ + pos) (
R3 (nj + o) n + P

. P’ + po)
— | ——— 0% (1 + po) V) ——— L2
Lgn,ww (81 + p)Tuly— b

)atdnj“ak(ﬁnj“dx

okoni*tldx
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[ () o

P'(n) + pos)
n + Poo

+ peo) V') oksn/tldx

P'(n/ + pos)

W+ Poo

p’ n1+ o . .
R3

+f oksuittv okoni*tldx
R3

i=

are bounded by

llw o s + Cllon ] lloni|

o LN PRV 1 TR | VRN 1 S| VRS

And the term

\r wvesn/tt \P'(W + pgy )
fak< ) (" ¥ Po) ok spiti gy,
R3

. + — .
nl + P n + poo nl + P

is further bounded by
18w es 18774 s + €IS+ s
With compensation from (3.15) in (3.14), we have

f oksu/t1oko,.6u/ dx
R3

K
—f 6k6uj+1zCikai(Sufak‘iVuj)dx
R3

i=0
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k
—f ak(suf“Zc{‘ (01w Vak-isui L) dx
R i=0

12| oksuttakswitydx = u | 0ksutiakvEIt)dx
R3 R3

k
— | arsui z Ck 0isn 9*~1vn/)dx
R i=0
1 J P'(n) + po,)
R3

2 () + poo)? (@ a2

2
1 P A pos

_J : ak(Vuf(Snf)#
R3n] * Poo nl + pe

1 P + pe .
—f ak( . )(VuJ(?nf)—( HP) kit gy
R3 nJ +poo

n + pe
f Su/vn’
—| o —m
R3 TL] + poo

WV T\ P' (0 + poo)
nJ + pe, nJ + pe
. P'(n + pg

+ oksu/t? VM
R3 TL] + poo

k ,
. (P'(n! + pg . .
—f ak5u1+1z ck o <(—p)> 9k 1VSni*dx.
R3 =1 TlJ + poo

okenitldx

okenitldx

okoni*tldx

Thus

aksuit1o%9, . ou/ tdx + A1 | aksu/tou/ ) dx
R3 R3

1 P'(n + po) oo
- j+1y2
2 —[123 0 +p? O O
:_f Pr(n{+poo) ak( |

R3 (nj + poo) nl + pe

>6t6nj+16k6nj+1dx
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1 P+ po .
—J. 6"( - )(VuJ(YnJ)Mak&n”ldx
R3 n + pPoo n + P

ey
+ ksultt VM
R3 TLJ + poo

k .
. (P'(" + po . )
— [ arswt z ck o <M> 9k~ iVsnI*1dx.
R® i=1

nJ + po
_.” ok §ujan
R3 nl + Poo
WS\ P'(n) + po)
n + po,

okenitldx

okenitldx

n + po,
K
— | aksu/tt ) ckoaten/akivn/)dx
RS -

=0

R3

k
+ | arswt z Ck (0w Vok-isu*)dx
i=0

+ | oksutt Y cfoalsuiokivu)dx
R ;
=0

= “f ksult1okvsp/ ) dx. (3.16)
R3

k

Then, after taking the summation over |K| < N — 1 and using
the Cauchy-Schwarz inequality, we obtain

1d 2 2 d N2

e 100 s+ A1 s+ € o o
< C||6nf||HN_1 + (:||5uf||HN_1 + C||6n1+1||HN_1
+C||6uj+1||12{,\,_1 + C||V8¢f+1||z,\,_1.

Therefore

1d . 2 .
2z Clon ™ s + 5w )+ vallsw s
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< ¢ (llon7 [l yon + 16wl )
+C(lon | e + 150 vy ) + CIVE |y (317)

By using the same estimates as before for third equation of (3.13),
we have

AkspIt10%a0,.6¢ T tdx + | aksp/TrakASHIHdx
R3 R3

+(b —aps) | dks¢p/traksp/dx
R3
- af 9k S5PI 10k (0 5pI*1)dx
R3
+ aj ks 1ak (¢p/on))dx .
R3

Then, after taking the summation over |k|] < N —1 and using
Holder inequality, the terms on the right side of the previous
equation are bounded by

N8 12y + 6l 150741

By using the Cauchy-Schwarz inequality, we get

1d., . .
§§||5¢“1||,2,N-1 + ||V5¢>”1||2~-1+Vz||5¢>”1||,2,N-1
< C||6¢f+1||ZN_1 + C||6nj||2N_1. (3.18)

Taking the linear combination of inequalities (3.17), (3.18), we
have
1d , 2 , 2 . 2
e (Clln s + 6w #6077 )

72 (1802 + 1166721
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< ¢ (llon s + ll5w/ )
€ (llon* ey + 186/ ey ) + 18074 v

By using Gronwall’s inequality, we obtain

sup [|SWIHI |y < e [Hl6WI ()| -,

0<t<T,

2
+ efngs||5Wj+1(O)”HN_1 < CTy (™) sup ||6Wf||12{1v—1 :
0<t<T,

We take T; > 0 sufficiently small, we find that (Wf)jzois a

Cauchy sequence in the Banach Space C([0, Ty]; HV (R®)). Thus,
we have the limit function:

m

W=w°%+ lim ) (W/*t-wb,
m—0oo
j=0

indeed exists in ([0, T;]; HN~*(R?)) and satisfies:
sup IWOllgn-1 < syp lim inf [|[SW/ (O vy < M.
0<tsT, ostsT,? %
Thus, as j — oo the limit exists such that:

(W)jz0 = W(D),

strongly in C([0, T, ]; HVN"*(R®)) and as j' — oo, from step one, we
have a subsequence {j'} of {j}, such that:

D(W)j’zo — D(W),

weakly in L2([0, T,]; HY (R®)). Also by same step, we know
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(Wj)j"zo — W(t):

Weakly in H" for every fixed te[0, ], where j'(t) is a
subsequence of {j'} depending on t. Consequently, we now have a
solution W (¢) € L* ([0, T,]; HN (R®)) for the problem (3.1),(3.2).

Step three, we show that ||Wf+1(t)||2,\, is continuous in time for
each j > 0. For simplicity, let us define the equivalent energy

functional:
W) = [+ [+ (7]

Similarly to how we proved (3.11), we have

| BW*H (1) — WW/* ()| =

t d -
— j+
fs 5 B+ (6))d6
t t
< Cf W’ @7 v o + cf In/*1(6), V¢ *1(®)||” v 46
S S

t
w0 [ (14 W @[ ) [ ©),07 ), 7@ [ 0
< CSMZ(S —t)
t
+C(1+ M?) f [l *2(6),u*(8), 7+ (O)[,. 46

t
+cj [n7*1(6), Y7+ (0) v 6.
S

For any0 < s <t < T;. The time integral on the right-hand side
from the above inequality is bounded by (3.12), and
therefore W(W/*1(t)) is continuous in t for each j > 0. By the

same way, we can infer the continuity of ||nf+1||ZN, ||uj+1||121,\,

and ||¢f+1||2N in t from (3.8) and (3.9). Hence, ||Wf(t)||2,\, is
continuous in t for each j > 1. Furthermore, W = (n,u,¢)is a
local solution to the Cauchy problem (2.1)—(2.2).

23 Copyright © ISTJ A gine gaball (5 gia
48l) 5 o glall 43 gol) Alaall



International Science Volume 33 2l Ay gl it A

and Technology Journal Part 1 Aaxd i it ) <
' IST.AT

4 A gal) Adaal)
L psleld S5l October 2023 )

22023/ 10 /31 g ghsall o Wdialy 22023/ 9 /10 sfobty 4880 i a3

Finally- the fourth step, in this step, we will prove that there can

only be one solution to the Cauchy problem (2.1)-(2.2). Therefore,

we suppose that W;andW, are two local solutions

in ([0, T,]; HY (R®)) which satisfy (2.1)-(2.2).

Let 7 (x,t) = n.(x,t) —ny(x,t), 4 (x,t) =u(x,t) —u,(x,t),

¢ (x,t) = p1(x, 1) — P2 (x, 1),

Ifatﬁ + (ny + po)V. 1l = —uy Vit — AiV. u; — iiVn,,

{ 0,7 + uy. Vi + . Vu, = uVe — Al — 7iVn, — MZZ—JF;JWW, (3.19)
L 8:$ = Ad + (ape, — b)P + an, @ + afigp,. o

By multiplying u to both sides of the second equation of (3.19) and
integrating in X, we have

j 10, didx + J fiu,. Viidx + j il . Vudx = p J ii Vopdx
R3 R3 R3

R3

~~ ~~ ~ P’(n2+poo) o
—A | ttidx — | unVnudx — | @t ———Vidx.
R3 R3 R3 N2 + Poo

Thus
1
J fid fidx + A | @i%dx + —J u,. Vii%dx +J %2 . Vu,dx
R3 R3 2 R3 R3
~ T ~ ~ ~ P,(nZ + poo) ~
=u| iVepdx— | UnVn,dx— | @ {———— |Vidx.
R3 R3 R3 Ny + Poo

By using integration by parts

1
j o fidx + A ﬁzdx+—J 2. Vu,dx +J %% . Vu,dx
R3 R3 2 R3 R3
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_ ~ o7 ~ o ~ Pl(nz +poo) ~
=u| tuVepdx— | unVn,dx+ | Vii|—————|fdx
R3 R3 R3 N2 + Po
P'(ny + poo
+ f i <V M) fidx.
R3 nz + poo

- - ~ 0, wVA | AVu wvn
With compensation {Vu =— ( AL 1 2 )}
N2+Po0  N2tPo MN2+tPoo  N2tPeo

from the first equation of (3.19) and by using integration by parts,
and the Cauchy-Schwarz inequality, then we have

d
Zd ||u”L2 +/1||u”L2 + Cd

IVl llallfz + nlllalz + ||V¢>||Lz)
IVl (17N + 1El) + 1V |l eI
+HIVnoll = (N7l + 1)

172172 < 11V Il oo 1172

Since L* norms of n;, u;, ¢; where i = 1,2 are bounded, we
have:

2 allZ+CIRIE) + yallal?,
< cllalZ+clalZ + c[v]5,.  (3.20)

We have a similar way to estimate ¢ as follows:

f 0, Bdx — f FAGdx + (b —ap.) [ $Fdx
R3 R3 R3

pn,pdx +a | Qg dx.
R3

R3

By using integration by parts, and Cauchy-Schwarz
inequality, then we have:

~n2 ~12
S MBI, + 5 19817, + b~ ap
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< allnally=||BII7, + allpall= (170% + [|6]]7,)-
Thus

1d,. .. 12 ~12
5 7 181z +vallVall . +v2ll8l]..

< c||g|I%, + cliall. (3.21)
By taking a linear combination of inequalities (3.19), (3.20), (3.21),
one has:
1d 2 -2 -2
5 7 A+ ClIAIE + |81, +v:[vé ]l .

vz (1% + 16]17,) < cAalZ + lal + | 8]7).

By using Gronwall’s inequality, we obtain

sup (I7I1% + Nl + || ]|
0<t<T,

< el CB )2 + a0 1% + (|FO)]%).

Since the initial data of (i, 1, ¢ ) are all zero for T; > 0. Hence,
W, = W, holds. This prove the uniqueness of the local solution and
thus completes the proof of Lemma 3.1.

Conclusion

In this paper, we used the energy method to prove the existence and
uniqueness the local solution of the compressible chemotaxis
system in three dimensions (Cauchy's problem for the hyperbolic
angiogenesis model) with the chemoattractant. We divided the
proof into four steps and used induction, integral by parts, Cauchy
—Schwarz inequality, Holder inequality, and Gronwall's inequality
to prove these steps. Thus prove the existence and uniqueness of
the local solution.
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